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Universal threshold and Arnold tongues in Kerr ring microresonators
D.V. Skryabin,∗ Z. Fan, A. Villois, and D.N. Puzyrev
Department of Physics, University of Bath, Bath BA2 7AY, UK
We report that an instability boundary of a single-mode state in Kerr ring microresonators with
ultrahigh quality factors breaks the parameter space span by the pump laser power and frequency
into a sequence of narrow in frequency and broad in power resonance domains - Arnold tongues.
Arnold resonances are located between the Lugiato-Lefever (lower) and universal (higher) thresholds.
Pump power estimates corresponding to the universal threshold are elaborated in details. RF-spectra
generated within the tongues reveal a transition between the repetition-rate locked and unlocked
regimes of the side-band generation.
(The archive submission does not include Supplemental Material.)
Microresonators with Kerr nonlinearity continue to re-
define fundamental and applied aspects of frequency con-
version, comb generation, and dissipative optical soli-
tons [1, 2]. Lugiato-Lefever equation (LLE), which is
a key theoretical model in this area [3], has been orig-
inally proposed in the context of pattern formation in
an optical resonator supporting a single longitudinal and
many transverse modes and has gained broad interdis-
ciplinary significance, see [4] and references thereafter.
Some earlier works [5, 6] reported multi-mode instabili-
ties in bistable cavities. Pattern formation is, of course,
a vast contemporary research area [7, 8], that sprang
from the famous paper by Alan Turing on instabilities of
homogeneous states of morphogens [9]. Cell structures
considered by Turing were taken circular for simplicity,
which brings his approach remarkably close to the con-
text of ring microresonators.
In this work, we present a detailed theory showing
that in ring microresonators with ultrahigh quality fac-
tors there exists a second threshold, universal threshold,
different from the one originally reported by Lugiato and
Lefever [4], i.e., LL threshold. A primary parameter con-
trolling the difference between the two thresholds is the
finesse, or the degree of discreteness, of the residual spec-
trum (i.e., residual finesse) of the resonator modes left
after the career frequency (200THz) and the resonator
repetition rate (10-102GHz) have been subtracted. The
non-equidistant inter-mode separations left to work with
scale with the second order dispersion, i.e., belong to the
medium-low-RF range (< 10MHz). If the residual finesse
is large enough, then the parameter space between the LL
and universal thresholds is split into a sequence of nar-
row in frequency and wide in power instability domains
- Arnold tongues. So that a single-mode state can be
either stable or unstable above the LL threshold, and it
becomes fully unstable only after the universal threshold
has been crossed.
Arnold tongues are well known features of the paramet-
rically driven [10] and coupled oscillator systems [11, 12],
where they shape intervals of instabilities, frequency and
phase locking. Periodicity embedded into model equa-
tions is an important property underpinning the forma-
tion of Arnold tongues. Various synchronisation phenom-
ena have been reported in microring resonators, see, e.g.,
[13–15], while Ref. [16] made direct observations of the
Arnold tongues due to repetition-rate locking between
the soliton sequences in a two-ring system coupled by
a fibre. Nonlinear effects in optics and fluid mechanics
with periodic modulation of parameters have been at-
tracting considerable recent attention, see, e.g., [17–19].
Our present work deals with a single-ring unidirectional
LLE that does not include any time-periodic parameter
variations, but is solved in a circular domain.
Amplitude ψ of the electric field in a ring microres-
onator can be expressed as a superposition of angular
harmonics: ψ =
∑
µ ψµ(t)e
iµϑ. Here µ and ψµ are the
mode numbers and amplitudes. ϑ is an angle varying
along the ring, ϑ ∈ [0, 2π). Frequency of each resonance,
ωµ, is counted from the ω0 reference and approximated
as
ωµ = ω0 +D1µ+
1
2D2µ
2, µ = 0,±1,±2, . . . . (1)
D1/2π is the repetition rate parameter, which is also
the resonator free spectral range (FSR). D2 is the sec-
ond order dispersion, characterising how FSR is chang-
ing with µ. For example, a CaF2 resonator in [20] has
D1/2π = 15GHz, and D2/2π can be taken between
−1kHz and +1kHz for ω0/2π close to 200THz. If κ/2π
is the resonance linewidth, then the resonator finesse is
Fµ = ωµ±1 − ωµ
κ
= F − αµ, F = D1
κ
, (2)
where we take +1 for µ > 0 and −1 for µ < 0. Here, F
is the dispersion free finesse, and
αµ = F − Fµ = −
(
µ± 12
)Fd, Fd = D2
κ
. (3)
αµ is the residual finesse, and Fd is the finesse dispersion.
Fd can be either positive (anomalous dispersion, D2 > 0)
or negative (normal dispersion, D2 < 0). Q = ω0/κ is
the resonator quality factor. Q = 3 · 109, which is a
conservative number for CaF2 resonators, gives κ/2π =
67kHz, F = 22 · 104, and |Fd| . 1.5 · 10−2 for these
samples [20, 21]. For the ultrahigh Q = 1011 samples
[22], κ/2π = 2kHz, F = 750 · 104, and |Fd| . 0.5.
2LLE derived from the Maxwell equations [23–25] is
i∂tψ = δ0ψ − 12D2∂2θψ − i 12κ (ψ −H)− γ|ψ|2ψ, (4)
δ0 = ω0 − ωp, (5)
where θ = ϑ −D1t, ωp is the pump laser frequency and
δ0 is its detuning from the cavity resonance ω0. H2 is the
intracavity pump power. γ/2π = 10kHz/W is the nonlin-
ear parameter, with its value estimated for the CaF2 res-
onators. Transformation to the rotating reference frame,
ϑ→ θ, replaces the linear resonator spectrum having the
finesse Fµ with the spectrum of the linear part of the
LL model having the residual finesse αµ. For details of
Eq. (4) derivation and γ definition, see Supplemental
Material (SM) and Ref. [25].
Single mode solution, ψ(t, θ) = ψ0, of Eq. (4) is ψ0 =
−i 12κH(δ0 − Ω − i 12κ)−1, where Ω ≡ γ|ψ0|2 > 0 solves
the cubic equation,
γH2 = Ω+Ω(δ0 − Ω)2 4
κ2
, H2 = η
π
FW . (6)
W is the pump laser power, and η = κc/κ < 1 is the cou-
pling efficiency between the pump and the ω0 resonance.
κc is the loss rate due to coupling. Ω measures power
of the µ = 0 mode, |ψ0|2, scaled to the frequency units.
The system becomes bistable providing three positive so-
lutions for Ω coexist, see SM Fig. 2.
To study frequency conversion, we perturb ψ0 by a pair
of side-band modes with momenta µ and relatively small
powers [8],
ψ = |ψ0|eiφ0 + ψµeλµt+iµθ + ψ∗−µeλ
∗
µt−iµθ, (7)
where φ0 = argψ0. Linearisation of Eq. (4) gives i∂t~qµ =
V̂µ~qµ, where ~qµ = (ψµ, ψ−µ)
T , and
V̂µ =
[
∆µ − 2Ω− i 12κ −Ωei2φ0
Ωe−i2φ0 −∆µ + 2Ω− i 12κ
]
, (8)
∆µ = δ0 +
1
2D2µ
2 ≡ (ω0 + 12κµ2Fd)− ωp. (9)
∆µ is the residual spectrum having the residual finesse,
αµ. With ωp and D1µ being subtracted, the resid-
ual spectrum represents the medium, ∼ 10MHz, to the
super-low end of the RF spectrum [26, 27].
Ω > 0 has a meaning of the Rabi frequency in the two-
state system, where coupling between the modes µ and
−µ is mediated by the mode µ = 0 via the four-wave
mixing mechanism. Setting ~qµ ∼ eλµt gives an equation
for λµ: λµ
(
λµ + κ
)
= 3
(
Ω
(1)
µ − Ω
)(
Ω− Ω(2)µ
)
, where
Ω(1),(2)µ =
2
3∆µ ± 13
√
∆2µ − 34κ2. (10)
Ω
(2)
µ < Ω < Ω
(1)
µ sets an interval of the Rabi frequencies
providing the exponential growth of ±µ side-bands, see
SM Fig. 2. λµ = λ−µ and, hence, choosing µ > 0 for
Fd < 0 and µ < 0 for Fd > 0, does not restrict the
generality, while conveniently sets the residual finesse to
αµ = |Fd|
(|µ|+ 12) > 0 used below.
For a multimode system one can define the threshold
by extending the prime condition, λµ = 0, with an axil-
lary one ∂µλµ = 0. The latter is well known in pattern
formation theory [7] and is routinely used in nonlinear
optics to find threshold conditions for the most unstable
modes [8]. In our case, this gives Ω = Ω
(i)
µ , ∂µΩ
(i)
µ = 0
with i = either 1 or 2. i = 2 leads to,
∆µ = κ, Ω
(2)
µ =
1
2κ. (11)
i = 1 gives Ω
(1)
µ = − 12κ, but Ω > 0, and hence Ω = Ω
(1)
µ
threshold never comes first as Ω is increased (for µ being
fixed, see SM Fig. 2). However, it exists and plays a role
in the frequency conversion scenarios described below.
∆µ = κ and Eq. (9) define a discrete sequence of the
pump laser frequencies
ω(µL)p = ω0 +
1
2κµ
2Fd − κ, (12)
along the threshold condition Ω = Ω
(2)
µ . The correspond-
ing intracavity power, H2µL, required for generation of
a mode µ is found substituting Ω → Ω(2)µ = κ/2 and
δ0 → δ(µL)0 ≡ ω0 − ω(µL)p into Eq. (6),
γH2µL = 12κ
[
(µ2Fd − 1)2 + 1
]
. (13)
Eqs. (12), (13) define explicitly a set of the pump laser
frequencies and powers (in s−1 and Watts, respectively)
defining a threshold for the frequency conversion via gen-
eration of the ±µ pair of modes. Here and below the sub-
and super-script L stands for the LL-threshold.
Solving Eq. (12) for µ2 and using it in Eq. (13) re-
defines H2µL via δ(µL)0 ,
γH2µL = 12κ
[(
2
κ
δ
(µL)
0 − 1
)2
+ 1
]
. (14)
If one assumes δ
(µL)
0 to vary continuously, then Eq. (14)
appears as a tilted parabola in the (H2, δ0) bifurcation
plane, see, e.g., [24] and the top panel in Fig. 1.
For us, it is however crucial that δ
(µL)
0 represents a
discrete set of values, µ ∈ Z, while the laser power and
frequency still can be tuned continuously. Hence, the
instability threshold in the power-frequency space also
exists between the points specified by Eqs. (12), (13).
In order to find it, one can substitute Ω = Ω
(1)
µ and
Ω = Ω
(2)
µ directly to Eq. (6) and compute H2 vs δ0
for every µ. The boundary found this way is shown in
Fig. 1 for the moderate, high and ultrahigh−Q. As
Q is increased from 109 to 1012, the corresponding fi-
nesse dispersion, Fd, increases from being ∼ 10−3 to ∼ 1.
One can see, that the true instability boundary wobbles
above the LL-threshold, given by Eq. (14). Hence, the
latter constitutes a lower limit for the former. In the
3FIG. 1. Instability thresholds and Arnold tongues in the
detuning-pump power, (δ0,W), plane for varying quality fac-
tors, Q. δ0 = ω0 − ωp is shown along the top horizontal
axes, while the bottom ones show the corresponding reso-
nance numbers µ for the Q = 1010, 1011, 1012 (i.e., |Fd| =
0.05, 0.5, 5) cases. The Q = 109 panel with |Fd| = 0.005 has
no tongues. Anomalous dispersion (Fd > 0) corresponds to
the red and normal dispersion (Fd < 0) to the green parts of
the plots. The single mode state, ψ0, is unstable above the
red (Ω = Ω
(2)
µ ), green (Ω = Ω
(2)
µ ) and black (Ω = Ω
(1)
µ ) lines.
Q = 1010 panel shows the universal and LL thresholds with
blue lines. Side-bands ±µ are generated in pairs for a given
δ0, independently if the respective tongue number is positive
or negative. η = κc/κ = 0.5 is hold fixed.
ultrahigh−Q cases, deviations from the LL-threshold be-
come very large, and the parameter space becomes bro-
ken into a sequence of narrow in frequency and wide in
power resonance structures - Arnold tongues. One can
also note that the condition Ω = Ω
(1)
µ (black lines) comes
into play for higher Q’s by shaping one of the two sides of
the tongues. However, the very tips of the tongues and
a small interval on the left of them are always given by
Ω = Ω
(2)
µ (red and green lines) as per Eq. (14), see Fig.1,
SM Figs. 3,5.
There is also a well defined boundary that limits the
wobbling instability threshold from above, Fig. 1. We
call this boundary line a universal threshold, i.e., a line
above which the narrow intervals of stability between
the Arnold tongues cease to exist. This happens via
the power, i.e., nonlinearity, induced broadening of the
tongues.
The universal threshold is made of the cusp points
where the bifurcation lines, corresponding to the dis-
cretely changing µ’s, intersect. As one can see, these
intersections can and most often do involve the black,
Ω = Ω
(1)
µ , lines. Formally, locations of the cusps can be
found applying
Ω = Ω(2)µ = Ω
(i)
µ±1, i = 1, 2. (15)
The above is a pair of the double, i.e., co-dimension-
two [28], conditions that mark a sequence of the co-
dimension-two bifurcation points happening across the
orthogonal µ and µ ± 1 subspaces and forming the uni-
versal threshold line in the pump-power–pump-frequency
parameter space, see Fig. 1.
Solving Eqs. (15) with i = either 1 or 2 gives
∆µ = κ
(
1
2αµ +
√
1 + α2µ
)
. (16)
Ω
(2)
µ = Ω
(2)
µ±1 is satisfied for αµ < αµd , and it is replaced
with Ω
(2)
µ = Ω
(1)
µ±1 for αµ > αµd , where
αµd =
1√
3
, µd =
1
|Fd|
√
3
− 1
2
, µd ∈ R. (17)
Algebra leading to Eqs. (16), (17) is outlined in SM.
Pump frequencies at the cusps along the universal
threshold are found from Eqs. (16) and (9),
ω(µU)p = ω
(µL)
p + κ
(
1− 12αµ −
√
1 + α2µ
)
, (18)
cf., Eq. (12).
The residual spectrum, see Eq. (9), is non-equidistant
due to µ2, and therefore even for very small Fd’s there
always be a sufficiently large µ making it discrete. The
residual finesse, αµ, fully accounts for this: αµ ≪ 1 and
αµ ≫ 1 being the quasi-continuous and discrete limits.
An approach equivalent to estimating αµ is to compare
µ with µd, since |µ/(µd
√
3)| ≃ |µFd| ≃ αµ. There-
fore, |µ/µd| ≪ 1 corresponds to the quasi-continuous and
|µ/µd| ≫ 1 to the discrete limits. Other words, if a res-
onator has |µd| ∼ 1 then the entire residual spectrum
can be considered discrete, while for |µd| ≫ 1, it is quasi-
continuous if |µ| < |µd|.
Laser powers corresponding to the universal threshold,
WµU , are recovered by substituting ∆µ from Eq. (16) to
Eqs. (10) and ω
(µU)
p to Eq. (5), and then using the found
Rabi frequencies and detunings in Eq. (6). As per the
previous chapter, the discrete limit, αµ ≫ 1, corresponds
to the relatively large mode numbers, |µ/µd| ≫ 1, and
4hence to the relatively large detunings, δ0 → ω0−ω(µU)p .
In this limit the power equation, Eq. (6), simplifies to
γH2µU ≃ Ωδ20
4
κ2
, αµ ≫ 1. (19)
While in the quasi-continuous limit δ0 remains relatively
small, ∼ κ ∼ Ω (see below), and all the terms in the
right-hand side of Eq. (6) are balanced.
The next step towards getting transparent analytical
expressions for WµU is to consider how Eq. (16) can
be approximated for large and small αµ. In the quasi-
continuous limit, Eq. (16) is
1
2αµ +
√
1 + α2µ = 1 +O
(
αµ
)
, αµ ≪ 1. (20)
Hence ∆µ ≃ κ and Ω(2)µ ≃ 12κ, see Eqs. (16), (10).
Taking a slightly stricter condition αµ ≪ |µ|−1, gives
ω
(µL)
p ≃ ω0−κ. Thus, Eq. (6) is well approximated with
γH2µU ≃ κ, which coincides with the respective approxi-
mation for γH2µL obtained from Eq. (13),
WµU ≃ WµL ≃ π
ηF
κ
γ
=
πκ2
γD1η
, αµ ≪ |µ|−1. (21)
Convergence of the two thresholds in the limit of the
quasi-continuous residual spectrum is evident from the
Q = 109, |Fd| = 0.005 panel in Fig. 1.
If the residual finesse is large, then Eq. (16) is
1
2αµ +
√
1 + α2µ =
3
2αµ +O
(
α−1µ
)
, αµ ≫ 1, (22)
while the instability boundary develops Arnold tongues
between the diverging LL and universal thresholds, see
Fig. 1. Now, ∆µ ≃ 32καµ and Ω
(2)
µ ≃ 12καµ. Since
ω
(µU)
p ≃ ω0+ 12κµαµ, the detuning in Eq. (6) is replaced
with δ0 ≃ − 12κµαµ. Applying Eqs. (19), (6) gives the
pump power at the universal threshold,
WµU ≃ π
ηF
κµ2
2γ
α3µ ≃
πD22
2γD1
( |µD2|
ηκ
)
µ4, αµ ≫ 1. (23)
The respective limit of the LL threshold, see Eq. (13), is
WµL ≃ π
ηF
κµ2
2γ
α2µ ≃
πD22
2γD1
(
1
η
)
µ4, αµ ≫ 1. (24)
Comparing Eqs. (23) and (24), one can see that the
factor making the difference between the universal and
LL powers, and hence measuring the relative depth of the
Arnold tongues, is exactly αµ, i.e., the residual finesse.
Different scaling of the two threshold powers with the
total loss κ, as described by Eqs. (23), (24), is obvious
from the Q = 1011 and 1012 panels in Fig. 1, where η is
kept fixed and Q ∼ κ−1 is varied independently.
Before concluding, we make an initial touch on
the links between the Arnold-tongue physics and RF-
photonics [26]. The instantaneous and time-averaged
-6 -4 -2 0 2 4 6
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0
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FIG. 2. RF spectra |Sµ(∆)|
2 (in dBm) of the side-band
amplitudes ψµ [29]. Blue lines correspond to µ = +35
and the red dashed one – to µ = −35. The spectra are
calculated over 0.039s (597 × 106 loops). D2/2pi = 1kHz,
γ/2pi = 10kHz/W. (a) corresponds to the repetition-rate
locking at W = 0.45W, δ0 = −0.5906MHz. The blue and
red lines overlap, and each of them is also symmetric rel-
ative to zero: 〈∂tφµ〉 = 〈∂tφ−µ〉 = 0 [29]. (b) is the un-
locked, i.e., frequency-domain symmetry breaking, regime at
W = 0.4833W, δ0 = −0.5916MHz. The blue/red lines have
their spectral centres of mass for ∆ positive/negative corre-
sponding to 〈∂tφµ〉 = −〈∂tφ−µ〉 = |µ|d|µ| ≃ 2pi × 2kHz.
mode frequencies are ω˜µ(t) = ωp+D1µ+∂tφµ and 〈ω˜µ〉 =
ωp+D1µ+〈∂tφµ〉. Here, the phase shift φµ = − argψµ(t)
is found solving Eq. (4), while ωp + D1µ is recovered
from how the envelope ψ is connected to the real elec-
tric field, see SM. Let’s take the pump frequency and
power tuned close to either the tongue tips (ωp ≃ ω(µL)p ,
W ≃ WµL) or to its edges (Ω = Ω(i)µ ), but away from
the universal threshold, WµU , and away from the mid-
dle area of the tongue, see SM Figs. 3,5. Then, ∂tφµ
emerge as either zeros or as periodic and weakly chaotic
functions oscillating with relatively small amplitudes and
giving 〈∂tφµ〉 = 〈∂tφ−µ〉 = 0. The time-averaged repe-
tition rate of the associated intra-cavity signals is gener-
ally defined as (〈ω˜µ〉−〈ω˜−µ〉)/2|µ|. Hence, the repetition
rates of the signals generated under these conditions are
locked to D1 either exactly or on average. This is the
Adler-Arnold frequency locking [12], which in our case
means the repetition-rate locking, since D1 is set by ω0
and does not depend on the pump parameters, ωp and
W . In the coordinate space, the locked states correspond
to the stationary or breathing Turing rolls rotating with
the repetition rate of the linear resonator [30–37].
If ωp is tuned towards the middle of the tongues
and W is gradually increased, then the regimes with
〈∂tφµ〉 6= 〈∂tφ−µ〉 are encountered. The averaged rep-
etition rates are then (〈ω˜µ〉 − 〈ω˜−µ〉)/2|µ| = D1 + d|µ|.
Here d|µ| = (〈∂tφµ〉−〈∂tφ−µ〉)/2|µ| and it is a function of
ωp andW , i.e., the repetition rate becomes unlocked. We
found d|µ|/2π to reach ≃ 50Hz, which is calculated from
the RF offset of ≃ 4kHz between the modes µ = ±35,
see Fig. 2(b), and SM Fig. 4. Our stability analysis
has the λµ = λ−µ symmetry, see Eqs. (10), (9). Thus,
〈∂tφµ〉 6= 〈∂tφ−µ〉 implies the nonlinearity induced break-
ing of the µ → −µ symmetry in the frequency domain.
Using the bifurcation theory terminology [28], this is a
5pitchfork bifurcation, when a pair of the asymmetric solu-
tions with ±|d|µ|| bifurcates from the symmetric d|µ| = 0
state. In the coordinate space, these are the two families
of the Turing rolls rotating with the D1 ± |d|µ|| rates,
see SM Fig. 4. d|µ| = 0 implies that the RF spectra
[29] of both side-bands are symmetric, while the d|µ| 6= 0
regimes have them asymmetric, cf. Figs. 2(a) and 2(b).
Refs. [38–40] have reported the frequency-domain sym-
metry breaking of the counter-rotating waves in lasers
and microresonators, while the case considered here deals
with the co-propagating waves and is due to transition
away from the Adler-Arnold frequency locking.
In summary: We derived the second instability
threshold -universal threshold, and predicted the Arnold
tongues in Kerr microresonators with ultrahigh quality
factors. A sequence of Arnold resonances constitutes a
fine, low-RF-scaled, spectral structure embedded inside
the primary GHz-scaled resonator spectrum. Our results
reveal a pathway linking the interdisciplinary Arnold-
tongue concept with the development of the microres-
onator based light and RF sources [1, 2, 26].
This work was supported by the EU Horizon 2020
Framework Programme (812818, MICROCOMB).
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